With the economy continually moving towards retail and services, the size of the part-time workforce is increasing constantly. In this paper, we consider the problem of scheduling a workforce consisting entirely of part-time workers. The part-time workers have availabilities, preferences for the shifts, and also a seniority level. We propose an integer programming model to maximize employee satisfaction and to meet the demand requirements for each shift. The model is tested on randomly generated instances. The results demonstrate the effectiveness of branch-and-cut methods in reducing computation time.
Introduction
The current trend of varying economic cyclic patterns and increasing competitiveness in all industries demands versatility in adjusting employee requirements to avoid over-or under-staffing. Also, the new competitive environment dictates customer service beyond traditional weekday hours. The result of these business realities is a heavy reliance on part-time work. Nearly one in five workers in the United States currently works part-time [1] and the number of part-time employees was more than 27 million in August 2006 [2] . Furthermore, part-time employees constitute a major proportion of entire industries such as service and retail [3] . As a result, intelligent scheduling of part-time employees has become essential for reducing the cost of operations and maintaining employee morale.
The North American economy has grown in the last fifty years due to advances in technology, but just as important, due to improvements in the systems and techniques used by managers to coordinate these resources. Classic scientific management techniques such as scheduling, statistical quality control, and project management have all contributed to these advances. In addition, competitive pressures to reduce cost while increasing versatility and flexibility are continuously requiring improvements of another management technique: employee scheduling.
The area of employee scheduling has been extensively studied in the literature and many different applications in a wide number of fields have been reported. Blochliger [4] offers a tutorial of staff scheduling problems discussing data requirements, cost modeling, hard (inflexible) and soft (flexible) constraints and objectives. Ernst et al. [5] E-mail address: srimathy@asu.edu. provide a comprehensive review; they also offer a problem classification, discuss the different application areas (transportation systems, call centers, health care systems and others) and solution methods (artificial intelligence, constraint programming, mathematical programming etc.). Employee scheduling problems typically fall into three classes: days off scheduling, shift scheduling, and tour scheduling. Most employee scheduling models typically deal with full-time personnel and develop minimum cost schedules while satisfying constraints. Part-time employees are typically considered as supplemental workforce and most models attempt to minimize the total operational costs by hiring the minimum number of low cost part-time employees. Also, the models only indicate the number of part-time employees required. The problem of actually selecting the part-time personnel based on their availability still remains. Also, the satisfaction level of part-time employees is rarely considered in scheduling models.
With the growth of the service economy, there has been an increase in the need for accommodating two specific needs in employee scheduling -(i) determining specific assignments for the supplemental part-time workers, considering their preferences, and (ii) determining employee schedules in applications where the entire workforce consists of part-time workers. Under such circumstances, the problem no longer deals with determining cyclic schedules that can be repeated or determining days off for the employees. The part-time employees' availability may vary widely from one time period to another and hence, has to be approached differently from the traditional staff scheduling problems.
The existence of real world part-time employee scheduling problems, such as the newspaper industry problem explored by Gopalakrishnan et al. [6] , serves as our basis for the creation of a more general model to accommodate more industries. Gopalakrishnan et al. [6] implemented a decision support system that uses a scheduling heuristic for a 16% reduction in the number of part-time employees hired, which translates into a $50,000 annual savings for the Birmingham newspaper company. The research by Gopalakrishnan et al. [6] includes general part-time employee scheduling constraints, considerations for part-time employee seniority, availability and preferences, and meeting shift requirements. They develop a constructive, single pass, rule-based heuristic to schedule part-time employees over a given planning horizon. The heuristic does not incorporate any local improvement procedures and there are no penalties associated with hiring a part-timer for a shift that he/she does not prefer.
Another application that includes only part-time employees who are hired on a strictly as-needed basis is the scheduling of substitute teachers in many school districts. The school district maintains a database of available substitute teachers. When there are planned absences, the school district determines the need for the entire week and contacts people on the database (according to seniority and availability) to staff the various classrooms. When there are unplanned absences, the scheduling problem is solved just for that day rather than for the entire week.
With more and more people opting to work part-time due to the flexibility it offers, consideration of the part-time employees' preferences is also becoming important. In this research, we consider an employee pool that consists of only part-time workers. Our primary objective is to develop a work schedule that maximizes the employee satisfaction level. Given employee availability, seniority and preferences, maximum and minimum allowable working hours in a day and a week, and employee requirements for each shift, our model seeks to maximize employee satisfaction while meeting the demand requirements for each shift and satisfying other required constraints. We formulate the problem as an integer program. We define employee satisfaction as a function of seniority, preferences, and availability.
This model can be used as an aid during second level planning. During the first level, the part-time worker requirements are determined to minimize overall system costs for the organization. Given this requirement for the various shifts, our model seeks to develop a part-timer work schedule that takes employee preferences, seniority and availability into consideration. The rest of the paper is organized as follows. We present some relevant literature in the next section. Section 3 presents the generic integer programming model and Section 4 presents the results of our experimentation. We present the concluding remarks in Section 5.
Literature review
Most of the existing literature on workforce scheduling deal with full-time workers. Research falls into three types of problems namely, days off scheduling, shift scheduling, and tour scheduling. Days off scheduling deals with assigning the workers work and non-work days over the planning horizon. Shift scheduling problems deal with determining the actual shifts (start and end times, breaks, etc) during the planning horizon. Tour scheduling problems combine features of days off and shift scheduling. Here, typically, work shifts are to be assigned to cover the daily demand for each shift, and each worker's days off schedule has to be determined. As mentioned earlier, a few studies that do deal with part-time workforce do not provide a work schedule for the part-time employees.
Part-time workers are extensively used in all types of industries, and provide great flexibility to an organization. Early research in the area is focused on reducing the number of part-time personnel in days-off scheduling problems. Byrne and Potts [7] consider the scheduling of toll-booth operators to meet the forecasted demand. They provide an integer program to determine the levels of both full-time and part-time work. Baker [8] considers the daysoff scheduling problem with both full-time and part-time workers. The goal is to reduce the number of part-time employees.
Some researchers have considered the problem of scheduling part-time workers in financial services such as banks, to supplement full-time workers, especially during peak-hours [9, 10] . Krajewski et al. [11] discuss part-time employee use to produce more flexible schedules for the processing of checks in large banks. Their shift-scheduling model assigns a mix of full-time and part-time employees to a number of pre-selected shifts.
Glover and McMillan [12] present a heuristic based on Tabu search for producing employee schedules for a full-time work force supplemented by part-timers. Their general employee scheduling problem attempts to produce schedules that in aggregate provide adequate service while respecting existing employee scheduling preferences. Their model is similar to the model we examine in our research in that employees may specify the maximum hours they can work in a week and their availability. The model considers seniority. However, the main goal of that work is to minimize the number of part-time workers needed to satisfy all work requirements.
Love and Hoey [13] implement a part-time employee tour scheduling model for a fast-food operation based on network methodology. Their model allows employees to specify their availability and preferences and it considers employee skill ratings in separate work areas. Employees are limited to the number of days they may work in a week and to one shift of 3-8 h a day. Also, their model permits over-staffed schedules.
Lauer et al. [14] present an interactive decision support system for a tour scheduling problem arising from a computer lab. The system can be highly responsive to various management objectives and allows managerial interactions by overriding existing schedules. Willis and Huxford [15] consider a staff scheduling problem in a call center involving both part-time and full-time staff. They use an integer programming approach for the problem. Schindler and Semmel [16] consider a workforce problem at Pan American World Airways. They add additional constraints to standard set-covering model formulation to ensure certain constraints for part-time staff. Dowsland [17] considers nurse scheduling with an application at a large general hospital. A Tabu search technique is used. The model incorporates ranks, skills, preferences and equity distribution of rosters; it also considers the use of part-time staff to cover demand.
Easton and Rossin [18] examine the issue of staffing at a minimum cost while providing acceptable levels of service and employee satisfaction. The scheduling of a mixed work force with an even distribution of over-staffing yielded consistent customer and employee satisfaction levels. Over-staffing provides higher customer satisfaction with better and more consistent service and higher employee satisfaction with the availability of more flexible work hours. They propose that in the service industry staffing at a minimum cost is not as important a factor as customer and employee satisfaction. The maintenance of high satisfaction levels retains customers and minimizes employee turnover.
A few papers have recently considered part-time employees in their research. Bard et al. [19] consider a staff scheduling problem at the United States Postal Service (USPS) that involves both full-time and part-time workers and also the principal constraints of the union contract. Their goal is to examine several scenarios on reducing the size of the workforce. They model their problem as an integer programming formulation and solve it using CPLEX. Isken [20] considers applications of the well-known tour scheduling problem for both full-time and part-time employees in healthcare. Another stream of research on scheduling nurses and airline crew deal with developing work schedules that take into account employee requests for certain shifts and days off [21] [22] [23] [24] . The algorithms typically work to minimize the overall labor costs (full-time and supplemental part-time workforce) and try to accommodate as many of the "soft" requirements regarding employee preferences as possible.
Most of the concepts and algorithms developed for a full-time workforce are not applicable for a part-time workforce since we are not guaranteed continued availability of the part-time workers. The contractual rules are not as strict either. However, it is still to the advantage of the firm to accommodate the preferences of part-time workers. The workers will be more inclined to work for a firm that provides work schedules that are tailored to their individual needs and preferences. This second level manpower planning problem has not been addressed in the literature and the next section proposes an integer programming model for the same.
Problem definition and formulation
The mathematical model discussed in this section is concerned with finding the part-time employee schedule that maximizes employee satisfaction while fulfilling all constraints. Demand in the form of employee requirements for each shift is assumed to be given. Shift lengths vary during a day and across the week. Also, certain restrictions are imposed on the number of hours a part-timer can work during a day and in a given week. Employee assignments maximize employee preferences, while considering their seniority and availability. We will first introduce the assumptions and notation that we use throughout the paper.
Assumptions and notation
1. Schedules are developed using information provided by the part-time employees on their availability and shift preference, and based on the company's shift requirements. 2. Shift lengths vary during a day and across a week. All shift requirements have to be exactly met. 3. Unavailable employees can be hired for work if necessary, with a penalty to the objective function. 4. If an employee is scheduled for at least one shift in a day, the number of hours assigned to the employee must be within a pre-specified range. 5. Employees can work more than one shift a day and they need not be consecutive. 6. Daily minimum and maximum hours and weekly minimum hours are fixed for a particular schedule. 7. Every employee's weekly hours, worked, must be within a pre-specified range. 8. Weekly maximum hours for an employee is either the maximum hours allowed in a week or the maximum hours an employee wants to work in a week.
Indices i = part-time employee j = shift of the day k = day of the week Parameters w i = seniority of part-time employee i b jk = number of part-time employees needed for shift j on day k t jk = length of shift j on day k a i jk = current availability of part-time employee i for shift j on day k p i jk = preference of part-time employee i for shift j on day k D max = maximum allowable working hours for a part-time employee during a day D min = minimum required working hours for a part-time employee during a day W max =maximum allowable working hours for a part-time employee during a week W min = minimum required working hours for a part-time employee during a week Decision variables Y i jk = 1 if part-time employee i is assigned to shift j on day k 0 otherwise X ik = 1 if part-time employee i is hired on day k 0 otherwise.
Model formulation
The objective function (1) maximizes employee preferences while considering their seniority and availability. The seniority of a part-time employee,w i , is smaller for a less senior employee when compared to the seniority of a more senior employee. The seniority of an employee can either be directly determined by the duration of service or could be a combination of other factors, including prior experience in similar jobs and formal training in a particular field. For example, in many school districts substitute teachers are part-time employees who are hired from a pool of available people. In this case, the applicant's prior experience in handling a particular subject and grade level along with training is a better indicator of seniority than just the duration of service. The parameter w i used in the model is generic in that it can be used to represent the duration of service directly or if qualitative factors are involved, the following scheme can be used to represent seniority. The w i for the least senior employee could be assigned a value of 1 and the value of w i for other employees could be increased as the seniority level increases. The increase could be linear or some function of the seniority level.
The parameter p i jk is numbers that indicate the preference of the various shifts for each part-time employee. Every part-time employee assigns a preference value for every shift during the planning horizon, irrespective of whether he/she is available during that shift. The parameter p i jk can be a value in the range [0, 10]. The higher the preference value, the more preferred the shift. Availability is a binary integer value where zero indicates unavailable and one indicates availability. Thus, the first term in the objective function captures the seniority of a part-time employee assigned to a shift and the employee's preference for that shift. The term a i jk − 1 w i serves as a penalty if an unavailable employee is hired to work. This term penalizes the objective function more if a more senior employee is assigned to a shift for which he or she is not available. To summarize, the objective function maximizes the overall satisfaction of the part-time employees by assigning as many senior employees to their preferred shifts as possible.
Constraints (1), the shift requirement constraints, ensure that every shift is assigned the required number of employees. Constraints (3) force the maximum and minimum number of hours' requirement for every part-time employee assigned on any given day. Constraints (4) ensure that an employee is assigned an absolute minimum every week and is not forced to work more than the maximum number of hours during a week. Constraints (5) ensure that a part-time employee is assigned to a shift in a day only if he or she is hired on that day. Finally constraints (6) force X ik and Y i jk to be binary integer variables.
When a given instance has a part-time employees, b shifts, and c days, the scheduling model contains (abc + ac) binary integer variables and a (bc + 2)+c (2a + b) constraints. Hence, even for a small sized application with 50 parttime employees who have to be scheduled for 5 days, each with 2 shifts, the model has 750 binary integer variables and 1110 constraints. But the constraint matrix is a very sparse matrix and more than half of the non-zero entries have a value of 1. Hence, we conjecture that a generic branch-and-bound algorithm should be able to solve the problem within a reasonable amount of time. We tried to solve reasonably sized problems and present the details and results in the next section.
Experimentation
The part-time employee scheduling model presented in the previous section can be solved using standard enumeration schemes available in commercial solvers like CPLEX. However, the size of the problem may sometimes make some instances computationally intractable. Hence, we decided to test the effectiveness of solving these models using a standard branch-and-bound algorithm on a set of randomly generated problems.
We generated two classes of problems -one with 50 employees and another with 100 employees. For each class, we generated problems with three different overall employee availability levels -25%, 50% and 75%. An availability level of 25% implies that the ratio of number of shifts for which part-time employees are available to the total number of shifts to be scheduled is 25%. For each combination of number of employees and availability level, we generated 10 feasible instances to test the scheduling model. The other parameters were generated as follows. The time horizon considered for generating a schedule is 1 week (5 days) with 3 shifts per day. Employees are randomly assigned a seniority ranging from 1 to 10, where 10 indicates the most senior position and 1 the least senior. Each employee has to work a minimum of 12 and a maximum of 40 hours per week. If a part-time employee is hired on a given day, he/she has to work for at least 2 shifts that day. The number of people required per shift is generated from a discrete uniform distribution between 30% and 50% of MAX, where MAX = number of employees * availability level. The duration of each shift (in hours) is generated from a uniform distribution between 4 and 6. For each part-time employee, the preference for each shift is a number randomly chosen between [0, 10] .
The integer programming model is solved using the basic branch-and-bound enumeration algorithm in CPLEX solver. We allow a maximum limit of 30 min for CPLEX to determine the optimal solution. If an optimal solution is not found during that time, CPLEX reports the best feasible solution. Our preliminary experimentation indicated that even for the 50 employee problems, when availability increased from 25% to 50%, CPLEX failed to produce optimal solutions in 80% of the problems. As availability increased, the solution space also increases and the branchand-bound algorithm has a much bigger tree to search through. Hence, the basic branch-and-bound algorithm failed to produce an optimal solution for several problems within the 30 min time limit.
Integer programming solve times can often be improved by generating new constraints (or cuts) based on polyhedral considerations. These additional constraints tighten the feasible region, reducing the number of fractional variables to choose from when CPLEX needs to select a branching variable. The CPLEX program generates several kinds of cuts, some of which are generalized upper bound cuts, clique cuts, cover cuts. The cut generation takes some processing time, but could potentially reduce the overall time required to find an optimal solution. In order to investigate the usefulness of the CPLEX cuts for our problem, we solved the same problems with the additional cuts solutions with the cuts in a much shorter time. Table 2 presents the results on the time taken by the two procedures to solve the 60 instances.
The branch and bound with cuts takes 735 s on average to solve the 100 employee problems with 75% availability. The regular branch and bound took 1800 s since an optimal solution was not found for any of the instances. Even in the case where both procedures obtained optimal solutions for all 10 instances (50 employees at 25% availability), the branch and bound with cuts took 0.26 s and regular branch and bound took 57 s, on average. An analysis of the gap between the LP upper bound and the solution produced by the branch and bound with cuts indicates that on an average the gap is around 8%. The gap seems to be mainly due to the weak upper bound since the solution procedure obtained optimal solutions for many of the instances.
Concluding remarks
We have presented a generic model for scheduling part-time workers while considering shift length and other related constraints. The unique aspect of our model is that it aims to maximize the overall satisfaction of a parttime workforce. Typically, part-time workers have been used as a supplemental workforce and the objective has been to minimize overall cost of the additional resources hired. In our research, we present a second level planning model to determine a part-time worker schedule to maximize employee satisfaction. Satisfaction is measured using a combination of employee seniority and preferences. Our experimentation shows that reasonable size instances of the integer programming model can be solved relatively quickly using a branch-and-bound enumeration procedure with additional cuts. Directions for future research include developing specialized solution procedures for the part-timer scheduling model and testing the proposed methodology in real world scenarios.
